
Coarse Revenue Guarantee in First Price
Auction and Beyond∗

Linchen Zhang†

February 15, 2026

Abstract

I analyze the coarse revenue guarantee, defined as the minimum expected
revenue across all Bayes Coarse Correlated Equilibria (BCCE), in the First
Price Auction (FPA). This approach generalizes the standard revenue guar-
antee—based on Bayes Correlated Equilibrium (BCE)—established by Berge-
mann, Brooks and Morris (2017) in the FPA. Because BCCE characterizes the
limit points of no-regret learning dynamics, this metric provides a more robust
lower bound for markets populated by algorithmic or AI agents. I characterize
the coarse revenue guarantee using a reduction to “identical play equilibria,” in
which bidders adopt identical strategies regardless of their private signals. I
prove that while the coarse revenue guarantee is strictly lower than the BCE-
based guarantee for any finite number of buyers, the two measures converge
asymptotically as the market grows. Furthermore, I develop a coarse revenue
guarantee ranking over standard auctions, generalizing the logic of Bergemann,
Brooks and Morris (2019). I also extend the coarse analysis to all value distri-
butions with a fixed expected value.
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1 Introduction

The robustness of auction mechanisms to information structure is a central concern
in modern mechanism design. In their seminal work, Bergemann, Brooks and Morris
(2017) characterize the revenue guarantee—defined as the minimum expected rev-
enue across all information structures consistent with a Bayes Correlated Equilibrium
(BCE)—in the First Price Auction (FPA). Their analysis highlights that variations
in buyers’ information can significantly impact revenue, even when the auction for-
mat and value distributions are fixed. However, the BCE framework relies on the as-
sumption that agents optimize deviations conditional on their private signals (interim
rationality). In many modern algorithmic and high-frequency trading environments,
agents—whether human or artificial—employ heuristic learning protocols that may
not satisfy strict conditional obedience. Instead, these dynamics typically converge to
the broader set of Bayes Coarse Correlated Equilibria (BCCE) (Hartline, Syrgkanis
and Tardos, 2015).

With the exponential growth of artificial intelligence in economic decision-making,
markets are increasingly populated by automated agents trained on no-regret learning
algorithms. Since the limit points of such dynamics are well-captured by BCCE rather
than BCE, a worst-case revenue analysis based on BCCE provides a strictly more
robust lower bound for the seller in these environments. In this paper, I define the
coarse revenue guarantee as the minimum expected revenue across all BCCEs.
I extend the robust mechanism design literature in two distinct dimensions: first,
by generalizing the FPA analysis from the revenue guarantee (over BCE) to the
coarse revenue guarantee (over BCCE); and second, by establishing a “Coarse Revenue
Guarantee Ranking” over standard auctions, extending the insights of Bergemann,
Brooks and Morris (2019).

My first contribution characterizes the seller’s worst-case revenue when buyers
are rational only in the coarse sense: they have no incentive to deviate to a fixed
action ex-ante, though they may experience ex-post regret. I demonstrate that for
any finite number of buyers, the coarse revenue guarantee is strictly lower than the
revenue guarantee characterized by Bergemann, Brooks and Morris (2017). This
implies that in markets dominated by no-regret learners rather than sophisticated
Bayesian updaters, the seller’s potential downside is more severe than previously un-
derstood. While it is intuitive that expanding the minimization domain from BCE to
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BCCE lowers the guarantee, the technical contribution lies in the characterization.
I introduce a reduction demonstrating that it suffices to examine “identical play
equilibria,” in which all buyers take the same action regardless of their signals, to
identify the worst case. This contrasts with Bergemann, Brooks and Morris (2017),
where the worst-case BCE is achieved under an information structure where bidders
know only whether they hold the highest value and the average value of N − 1 lowest
competitors. While the BBM structure implies symmetric play conditional on sig-
nals, my analysis shows that under coarse rationality, the lower bound is driven by
unconditional identical play. However, I prove that this “coarseness gap” vanishes in
the limit: as the number of buyers N grows large, the information structure in BBM
converges to the value distribution, and the asymptotic coarse revenue guarantee
converges exactly to the standard revenue guarantee.

My second contribution extends the “Revenue Guarantee Ranking” and “Revenue
Guarantee Equivalence” results of Bergemann, Brooks and Morris (2019) to the coarse
setting. I find that the First Price Auction maximizes the coarse revenue guarantee
among standard auctions. Furthermore, when restricting the analysis to identical
play equilibria, all standard auctions yield an equivalent coarse revenue guarantee,
which matches the bound derived for the FPA.

Beyond information uncertainty, this paper also addresses scenarios where the
seller faces ambiguity regarding the shape of the value distribution. I prove that for
a fixed expected value, the binary distribution (taking values 0 and 1) minimizes the
coarse revenue guarantee. This result provides a uniform lower bound: if a seller
knows only the mean of the asset’s value, the binary case represents the “worst-case
prior,” providing a robust floor for revenue expectations.

The remainder of the paper is organized as follows. Section 2 discusses related
literature. Section 3 introduces the model. Section 4 establishes the sufficiency of
identical play equilibria. Section 5 characterizes the coarse revenue guarantee for
continuous distributions and establishes asymptotic convergence to the Bergemann,
Brooks and Morris (2017) benchmark. Section 6 states analogous results of revenue
guarantee ranking in a “coarse” sense. Section 7 presents a binary distribution lower
bound for unknown shapes of the value distribution. Section 8 concludes. Omitted
proofs are in the Appendix.
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2 Related Literature

This research contributes to three primary strands of literature: first-price auctions
(FPA), robust revenue guarantees, and the intersection of Bayes Coarse Correlated
Equilibrium (BCCE) with no-regret learning dynamics. First, this work builds upon
the extensive literature on the FPA. Early studies—such as Vickrey (1961), Milgrom
and Weber (1982), Battigalli and Siniscalchi (2003), Dekel and Wolinsky (2003),
Fang and Morris (2006), Azacis and Vida (2015), and Feldman, Lucier and Nisan
(2016)—relied on specific assumptions regarding information structures. More re-
cently, Bergemann, Brooks and Morris (2017) allowed for information variations but
restricted their analysis to Bayes Correlated Equilibrium (BCE). My paper advances
this analysis by characterizing the “coarse” revenue guarantee under the weaker no-
tion of BCCE. Furthermore, the results presented here extend beyond the FPA; they
preserve revenue guarantee rankings and equivalence results similar to Bergemann,
Brooks and Morris (2019), but establish them within the coarse setting.

Second, this paper contributes to the literature on revenue guarantees (e.g., Berge-
mann, Brooks and Morris (2017), Du (2018), and Brooks and Du (2021)) by being
among the first to investigate these guarantees outside the scope of BCE. While there
is existing work studying guarantees in terms of welfare analysis—specifically the
Price of Anarchy, such as Syrgkanis and Tardos (2013) and Jin and Lu (2023)—this
paper focuses strictly on revenue rather than welfare outcomes.

Finally, this work contributes to the literature on BCCE. Originally proposed by
Moulin and Vial (1978), BCCE has historically received limited attention in eco-
nomics, largely because the concept was viewed as too permissive regarding fixed
deviation assumptions. However, the growing prevalence of AI agents trained on no-
regret learning dynamics has created a need for robust BCCE predictions. As noted
by Hartline, Syrgkanis and Tardos (2015) and supported by learning literature such
as Hart and Mas-Colell (2000) and Blum et al. (2008), no-regret dynamics converge
to the set of BCCE. Consequently, our analysis offers critical theoretical insights into
the outcomes of industrially applied algorithmic designs (see also Lomys and Magnolfi
(2025)).
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3 Model

3.1 General Setup

Consider a single-unit first-price auction with a set of risk-neutral buyers I = {1, . . . , N}.
The seller owns a good. The buyers have a pure common value for the good denoted
v ∈ V = [v, v] ⊆ R+, distributed according to a probability measure µ ∈ ∆(V ).
While my primary analysis focuses on common values, I extend to symmetric priors
where each buyer i has a private value vi ∼ µi = µ in Section 5.3. As we shall see
later, the symmetric prior is “as if” the common value by permuting buyers’ indexes.
For brevity, I define the model with only pure common values, but all the results ap-
plies naturally to symmetric priors of value distributions. The inclusion of symmetric
priors also aligns with the findings of Bergemann, Brooks and Morris (2017), which
discuss revenue guarantees under BCE.

The action profile is denoted by a = (a1, . . . , aN) ∈ A =
∏

i Ai ⊆ V N . In the FPA,
the highest bidder wins; if there are ties, the item is allocated with equal probability
among the tying winners. The winner pays their bid. Buyer i’s utility given value
v and action profile a is ui(v, a) = qi(a)(v − ai), where qi(a) is the allocation rule
described above: it equals 1 if winning and 0 otherwise.

3.2 Equilibria and Revenue Guarantees

The buyers’ correlated information about the common value is described by an infor-
mation structure I = (S, θ), where Si is a finite set of signals for buyer i, S =

∏
i Si,

and θ ∈ ∆(V × S) is the joint distribution of the values and signals. We let I(µ) be
the set of information structures for which margV θ = µ.

Given the information structure I, a strategy for buyer i is a mapping bi : Si →
∆(A), that assigns to each signal si a likelihood of bidding bi(·|si). Buyer i’s expected
utility given a strategy profile b is

Ui(I, b) ≡
∫
v,s,a

ui(v, a)

(∏
i

bi(ai|si)

)
σ(dv, ds).

A Bayes correlated equilibrium for given I is a recommended strategy profile b such
that Ui(I, b) ≥ Ui(I, (b

′
i, b−i)) for all strategy b′i and all buyer i. Let BCE(I) be the

set of BCE based on I.
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On the other hand, a Bayes coarse correlated equilibrium given I is a recommended
strategy profile b such that Ui(I, b) ≥ Ui(I, (b

′
i, b−i)) for all strategy b′i = a′i that does

not depend on si and for all buyer i. Let BCCE(I) be the set of BCCE based on I.
Let R(I, b) be the expected revenue at an equilibrium b:

R(I, b) ≡
∫
v,s,a

max
i

ai

(∏
i

bi(ai|si)

)
σ(dv, ds).

Define the revenue guarantee under the prior µ as the infimum expected revenue over
all information structures I ∈ I(µ) and all equilibria b ∈ BCE(I):

RG(µ) ≡ inf
I∈I(µ)

inf
b∈BCE(I)

R(I, b).

Similarly, define the coarse revenue guarantee under the prior µ as the infimum
expected revenue over all information structures I ∈ I(µ) and all equilibria b ∈
BCCE(I):

CRG(µ) ≡ inf
I∈I(µ)

inf
b∈BCCE(p,I)

R(I, b).

3.3 BCCE and CRG, in shortened notation

Note that the solution concept of Bayes Coarse Correlated Equilibrium (BCCE) is
robust to the underlying signals, as the deviation can only be a fixed action. In other
words, signals are not particularly useful in the BCCEs. It is then convenient to define
the equilibrium directly on the joint distribution of values and actions, σ ∈ ∆(V ×A),
where margV σ = µ.

Definition 1 (Bayes Coarse Correlated Equilibrium). A joint distribution σ ∈ ∆(V ×
A) is a BCCE if for all buyers i and all fixed deviations a′i ∈ Ai:∫

V×A

ui(v, ai, a−i) dσ(v, a) ≥
∫
V×A

ui(v, a
′
i, a−i) dσ(v, a).

This condition implies that no buyer can strictly gain by committing ex-ante to
a specific action a′i, effectively ignoring any private information. This contrasts with
Bayes Correlated Equilibrium (BCE), which requires obedience conditional on every
realized signal. As such, BCCE is a coarser and more inclusive concept than BCE.

Similarly, the coarse correlated equilibrium can be redefined as
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Definition 2 (Coarse Revenue Guarantee).

CRG = inf
σ∈BCCE(µ)

R(σ), where R(σ) =

∫
V×A

max
i

ai dσ(v, a).

A BCCE that attains this infimum is defined as a min-R BCCE.

4 Identical Play Reduction

To tractably solve for the coarse revenue guarantee, I first reduce the dimensionality
of the problem. I demonstrate that it is without loss of generality to restrict attention
to identical play equilibria, where all buyers submit the same bid with probability one,
regardless of signals.

Proposition 1 (Identical Plays). There exists a min-R BCCE σ such that for all
(v, a) in the support of σ, the actions are identical: a1 = a2 = · · · = aN .

Proof Sketch. I begin with the N = 2 case. If an asymmetric min-R BCCE σ

exists, I can construct a symmetric equilibrium σ̂ by averaging σ with its permutation.
The convexity of the BCCE set ensures σ̂ remains a min-R BCCE. I then construct
a new distribution γ by “pooling” probability mass: if σ̂ places weight on asymmetric
bids (a1, a2), γ redistributes this weight to (a1, a1) and (a2, a2). All other parts of γ
and σ̂ are the same. I subsequently show that γ is still a BCCE but now with lower
revenue than σ̂. Consequently, it violates the σ min-R BCCE assumption. Hence,
min-R BCCE must be identical plays with 2 buyers.

Alternatively, we can think through Jensen’s Inequality. In a First-Price Auction,
the seller’s revenue is determined by the maximum bid. By Jensen’s inequality ar-
guments applied to the max operator, revenue is minimized when bids are identical
(a1 = a2), as price competition is eliminated while preserving incentive compatibility
constraints.

For general N , I iteratively apply this symmetrization logic. I first establish that
in any min-R BCCE, the highest and second-highest bids must be equal. This ensures
the price is set by at least two buyers. Once the winning price is established, lower
bids can be raised to match the winner without altering the allocation or payment,
eventually converging to a fully identical profile a1 = · · · = aN . (See Appendix A for
the detailed proofs regarding 2 buyers, N buyers, and the full reduction.)
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This reduction allows me to treat the N buyers as a single representative agent in
the worst case. The problem reduces to finding the joint distribution of the value v

and a single joint bid a.

5 Characterization

I now characterize the coarse revenue guarantee for a continuous value distribution
µ with PDF f and CDF F . I assume continuity to avoid heavier notation, but the
results can be extended to discontinuous distributions.

5.1 Main Result

Theorem 1. The Coarse Revenue Guarantee CRG and a threshold v̂ are uniquely
determined by the system:

E[v]− CRG

N
=

∫ v̂

0

vf(v)dv, (1)

CRG =

∫ 1

0

H(v)f(v)dv, (2)

where the bidding strategy H(v) for v ≥ v̂ is given by:

H(v) := E[z | v̂ ≤ z ≤ v]× F (v)− F (v̂)

F (v)
. (3)

Proof Intuition. The identical play reduction implies the equilibrium constraint
must hold for any deviation δ: the representative buyer’s equilibrium payoff must
exceed the payoff from deviating to δ (winning all items where a < δ). To minimize
revenue, these constraints must bind for all relevant δ. I construct a monotonic
equilibrium where bids a are strictly increasing in v above a threshold v̂. Below
v̂, bids are zero. The threshold v̂ effectively balances the participation constraint
(Equation 1). The function H(v) is derived from the binding incentive constraints
for δ > 0. (See Appendix B for the detailed characterization and proofs.)
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5.2 Asymptotic Convergence

An important implication of Theorem 1 is the relationship between the coarse revenue
guarantee (BCCE) and the revenue guarantee (BCE) as the market grows.

Corollary 1. As N → ∞, the coarse revenue guarantee converges to the revenue
guarantee in the first-price auction:

lim
N→∞

CRG = lim
N→∞

RG =

∫ 1

0

G(v)f(v)dv,

where G(v) = E[z | z ≤ v].

While the coarse revenue guarantee is strictly lower than the revenue guarantee
for finite N (due to weaker obedience constraints in BCCE), this gap vanishes asymp-
totically. For example, with a Uniform [0, 1] distribution and N = 2, CRG ≈ 0.047,
whereas RG = 1/6 ≈ 0.167. However, both converge to 1/4 as N → ∞.

Alternatively, this asymptotic equivalence between the two lower bounds follows
from the convergence of the two information structures in the worst case. The worst-
case BCE in Bergemann, Brooks and Morris (2017) is achieved under an information
structure in which bidders know only whether they hold the highest value and the
average value of the N−1 lowest bidders. As the number of buyers N grows large, the
information structure in BBM converges to the value distribution, and the asymptotic
coarse revenue guarantee converges exactly to the standard revenue guarantee. (See
Appendix C for the detailed asymptotic characterization.)

5.3 Symmetric Priors

The assumption of common values can be relaxed to symmetric priors where the
private value vi are drawn from a common µ for every buyer i. I can construct the
worst-case information structure by perfectly correlating buyers’ signals so that si =
v, thereby replicating the common-value environment. Essentially, the realization of
private item values given the signals is irrelevant to agents using BCCE heuristics,
since they only care about ex-ante optimization before receiving any signal. Therefore,
as long as the distribution µ is the same for all buyers, we can treat it as if the
“common value” case. However, as we show in Section 7, the shape of the distribution
matters. This is also evident from equation 1: it affects the bidding strategy H(v) in
the minimum-revenue BCCE.
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6 Coarse Revenue Guarantee Ranking

In this section, I establish a coarse revenue guarantee ranking and an equivalence
result analogous to Bergemann, Brooks and Morris (2019), but adapted to the coarser
solution concept of BCCE. Following their framework, I define standard auctions as
those that (i) allocate the item to the highest bidder, and (ii) admit a BCCE in
monotonic pure strategies under the symmetric independent private value model.
This class naturally includes the first-price, second-price, and English auctions.

Consistent with the findings of Bergemann, Brooks and Morris (2019), the FPA
achieves the highest coarse revenue guarantee among all standard auctions. This
result stems from the universality of the worst-case configuration: the “identical play
equilibrium” that characterizes the coarse revenue guarantee for the FPA constitutes
a valid BCCE in any other standard auction. Since the worst-case outcome of the
FPA is feasible in all standard auctions, the minimum expected revenue (guarantee)
of any other standard auction cannot exceed that of the FPA.

Moreover, if we restrict our attention specifically to identical play equilibria, all
standard auctions yield an equivalent lower bound on revenue. In an identical play
equilibrium—where all bidders adopt the same strategy regardless of their private
signals—the distinct pricing rules of various standard auctions effectively converge.
Because the allocation relies purely on tie-breaking among identical bids, the strategic
differences typically driven by bid shading or truthful revelation vanish. This result
serves as a natural extension of the equivalence theorems in Bergemann, Brooks and
Morris (2019) to the robust setting of BCCE.

7 Unknown Value Distribution

I next address the scenario in which the seller knows only the expected value E[v],
but the distribution’s shape is unknown.

Proposition 2 (Binary Lower Bound). For any distribution µ with expected value E,
the coarse revenue guarantee is bounded below by the guarantee of a binary distribution
µ supported on {0, 1} that has an expected value E:

min
µ:Eµ[v]=E

CRG(µ) = CRG(µ).
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Proof Sketch. Let σ be a min-R BCCE for a general distribution µ. I can apply
a mean-preserving spread to the values while adjusting the probability weights to
maintain the marginal distribution of actions. Specifically, probability mass at an
interior v can be split to endpoints {0, 1}. This procedure preserves the expected value
and the deviation incentives (which depend on the action distribution) but typically
lowers the correlation between values and bids, reducing the seller’s revenue. Iterating
this logic, the revenue is minimized when all probability mass is concentrated at the
bounds 0 and 1.

(See Appendix D for the detailed proof.)
For the binary distribution µ with mean E, the asymptotic (N → ∞) coarse

revenue guarantee admits a closed-form solution:

CRG(µ) = E + (1− E) ln(1− E). (4)

This result implies that skewness favors the seller; a binary distribution (maximum
variance) represents the worst-case scenario for revenue.

8 Conclusion

This paper characterizes the coarse revenue guarantee for auctions under the solution
concept of Bayes Coarse Correlated Equilibrium. By identifying that worst-case out-
comes are driven by identical play strategies, I provide a tractable characterization
of coarse revenue guarantee in first-price auctions. I show that while the coarse rev-
enue guarantee (BCCE) is strictly lower than the revenue guarantee (BCE) for finite
markets, the two converge asymptotically. I extend the revenue guarantee ranking
(Bergemann, Brooks and Morris (2019)) to a ranking of coarse revenue guarantee
ranking among standard auctions. Furthermore, I establish the binary distribution
as the universal lower bound for revenue given a fixed expected value. These results
provide a comprehensive “worst-case” benchmark for sellers facing uncertainty about
both the information structure and the strategic sophistication of buyers.
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A Appendix: Lemmas for Identical Play Reduction

This section establishes Proposition 1 (Identical Plays), which states that there exists
a min-R BCCE of identical bids for all buyers. The proof proceeds in three steps,
formalized by the following three lemmas. Lemma 1 handles the base case (N = 2),
showing that symmetry is required for revenue minimization. Lemma 2 extends this
logic to N buyers to establish that the top two bids must be equal. Finally, Lemma
3 uses this equality to construct a fully identical strategy profile, thereby completing
the reduction.

Lemma 1 (Symmetry in 2-Buyer Case). With N = 2 buyers, if σ is a min-R BCCE,
then for any (v, a1, a2) in the support of σ, a1 = a2.

Proof. Suppose σ is an asymmetric min-R BCCE. Construct the symmetrized distri-
bution σ̂ = 1

2
σ+ 1

2
σ̃, where σ̃ permutes buyer indices. By convexity of the BCCE set

and linearity of revenue, σ̂ is also a min-R BCCE. Suppose σ̂(v, a1, a2) = p > 0 with
a1 ̸= a2. By symmetry, σ̂(v, a2, a1) = p. Construct γ by redistributing this mass to
symmetric profiles:

γ = σ̂ − p[(v, a1, a2) + (v, a2, a1)] + p[(v, a1, a1) + (v, a2, a2)].

We verify γ is a BCCE with lower revenue.

1. Revenue: In FPA, revenue is max(ai). Since a1 ̸= a2, max(a1, a2) > a1+a2
2

.
The revenue difference is 2p[a1+a2

2
−max(a1, a2)] < 0. Thus R(γ) < R(σ̂).

2. Incentives: The deviation payoff depends on the marginal distribution of the
opponent’s bid. In σ̂, conditional on this subset, the opponent bids a1 or a2 with
equal probability. In γ, the opponent also bids a1 or a2 with equal probability.
Thus, ex-ante incentives are unchanged.

This contradicts the minimality of σ. Thus a1 = a2.

Lemma 2 (Equality of Highest Bids). For any N , if σ is a min-R BCCE, then for
any profile a in the support, the highest bid equals the second highest bid: max1{a} =

max2{a}.

Proof. Let σ̂ be the symmetrization of σ. Suppose there exists a profile with unique
winner a(1) > a(2). We construct γ by shifting probability mass from the asymmetric
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permutation orbit to the profile where all buyers bid a(1) (probability N−1
N

) and all
bid a(2) (probability 1

N
). The revenue decreases because the original revenue is a(1),

while the new revenue is N−1
N

a(1)+
1
N
a(2) < a(1). For incentives, consider the marginal

distribution of the highest competing bid faced by buyer i. In the original equilib-
rium, a loser faces a(1), and the winner faces a(2). In γ, any buyer faces a(1) with
probability N−1

N
and a(2) with probability 1

N
. Since the deviation utility is convex

in the distribution of opposing bids (specifically, losing against higher bids reduces
deviation payoff), the stronger competition in γ relaxes or maintains the obedience
constraints. Thus γ is a valid BCCE with strictly lower revenue, a contradiction.

Lemma 3 (Construction of Identical Play). There exists a min-R BCCE with iden-
tical play a1 = · · · = aN .

Proof. Using the result from Lemma 2, the top two bids must be equal. This fixes
the price. We can iteratively raise any losing bid ak < a(1) to a(1) without affecting
the allocation or price. This strictly tightens the obedience constraints for other
players (who now face stiffer competition), ensuring the equilibrium conditions hold.
Repeating this for all lower bids yields a profile where a1 = · · · = aN .

B Appendix: Proof for Characterization (Theorem

1)

This appendix provides the proof for Theorem 1. We first establish in Lemma 4
that the worst-case strategy must be monotonic, which allows us to define the inverse
bidding function needed to solve the differential equation system characterizing the
coarse revenue guarantee.

Lemma 4 (Monotonicity). Without loss of generality, the identical play min-R BCCE
σ is monotonic: v1 > v2 =⇒ a(v1) ≥ a(v2).

Proof. Follows from standard rearrangement inequalities. Swapping actions to match
the value order (ahigh with vhigh) maintains revenue but relaxes obedience constraints
by reducing the incentive to deviate (buyers would rather deviate against low bids
when they have high values; monotonicity prevents this).
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Proof of Theorem 1

Treating buyers as a single agent with action a(v) (justified by Proposition 1), the
BCCE condition requires that for any deviation δ:

E[v]−R

N
≥
∫
1(δ > a)(v − δ)dσ(v, a). (5)

Let v(δ) = a−1(δ), which exists by Lemma 4. In a revenue-minimizing equilibrium,
constraints must bind for all δ in the support. For small δ (and a), the participation
constraint binds. Let v̂ be the threshold where bidding begins:

E[v]−R

N
=

∫ v̂

0

vf(v)dv. (6)

For v > v̂, the constraint binds for all deviations. Differentiating the binding con-
straint integral equation yields the bidding function. Specifically, equating the payoff
at deviation δ to the fixed equilibrium payoff:∫ v(δ)

0

(v − δ)f(v)dv =

∫ v̂

0

vf(v)dv.

Rearranging terms implies:

δF (v(δ)) =

∫ v(δ)

v̂

vf(v)dv.

Solving for δ (which is H(v)) yields:

H(v) =
1

F (v)

∫ v

v̂

zf(z)dz = E[z | v̂ ≤ z ≤ v]
F (v)− F (v̂)

F (v)
.

The revenue is R =
∫ 1

v̂
H(v)f(v)dv. The system is closed.
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C Appendix: Asymptotic Convergence (Corollary

1)

Proof of Corollary 1

As N → ∞, the LHS of the obedience constraint E[v]−R
N

vanishes. The constraint
becomes:

0 ≥
∫ v(δ)

v=0

(v − δ)f(v)dv.

For the constraint to bind everywhere (minimizing revenue), we require v̂ → 0. The
integral equation simplifies to:

δF (v(δ)) =

∫ v(δ)

0

vf(v)dv.

This implies a(v) = E[z | z ≤ v], which matches the conditional expectation function
G(v) from Bergemann, Brooks and Morris (2017). Thus, CRG →

∫ 1

0
G(v)f(v)dv =

RG.

D Appendix: Binary Lower Bound (Proposition 2)

This section proves Proposition 2 (Binary Lower Bound). We first use Lemma 5 to
restrict the domain of the optimization problem by showing bids cannot exceed values.
We then proceed to show that the binary distribution minimizes revenue under these
conditions.

Lemma 5 (Bid Bound). If σ is a min-R BCCE with identical play α, then α ≤ v

almost surely.

Proof. If α > v, the buyer obtains negative utility. By deviating to 0, the buyer
ensures 0 utility. To satisfy obedience, this loss must be compensated elsewhere.
However, strictly lowering α to v improves buyer utility and lowers seller revenue,
contradicting the minimality of R.

17



Proof of Proposition 2

Consider the binary distribution on {0, 1} with mean E. At v = 0, a = 0. At
v = 1, let the bid be distributed according to CDF Fa. The equilibrium constraint
for deviation δ is:

0 ≥ (1− E)(0− δ) + E

∫
1(δ > a)(1− δ)dFa(a).

Binding this constraint implies:

Pr(a < δ) =
1− E

E

δ

1− δ
.

This defines the CDF that puts the maximum probability weight on low bids. The
resulting revenue is:

R = E

∫
adFa(a) = E + (1− E) ln(1− E).

For any general distribution µ, applying a mean-preserving spread to the boundaries
{0, 1} breaks the correlation between values and bids for interior points, forcing the
seller to rely on the worst-case (boundary) obedience constraints. Thus the binary
distribution yields the global lower bound.
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